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THE MASLOV INDEX IN PDES GEOMETRY 


AGOSTINO PRASTARO 


Abstract. It is proved that the Maslov index naturally arises in the frame¬ 
work of PDEs geometry. The characterization of PDE solutions by means 
of Maslov index is given. With this respect, Maslov index for Lagrangian 
submanifolds is given on the ground of PDEs geometry. New formulas to cal¬ 
culate bordism groups of {n — l)-dimensional compact sub-manifolds hording 
via n-dimensional Lagrangian submanifolds of a fixed 2n-dimensional symplec- 
tic manifold are obtained too. As a by-product it is given a new proof of global 
smooth solutions existence, defined on all R^, for the Navier-Stokes PDE. Fur¬ 
ther, complementary results are given in Appendices concerning Navier-Stokes 
PDE and Legendrian submanifolds of contact manifolds. 
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1. Introduction 

In 1965 V. P. Maslov introduced some integer cohomology classes useful to calcu¬ 
late phase shifts in semiclassical expressions for wave functions and in quantization 
conditions [30].^ In the Erench translation, published in 1972 by the Gauthier- 
Villars, there is also a complementary article by V. I. Arnold, where new formulas 
for the calculation of these cohomology classes are given [4, 5, 8].^ These studies 
emphasized the great importance of such invariants, hence stimulated a lot of math¬ 
ematical work focused on characterization of Lagrangian Grassmannian, namely the 
smooth manifold of Lagrangian subspaces of a symplectic space. After the sugges¬ 
tion by Eloer to express the spectral flow of a curve of self-adjoint operators by 
the Maslov index of corresponding curves of Lagrangian subspaces (1988), interest¬ 
ing results have been obtained relating Maslov index and spectral flow. (See, e.g., 
Yoside (1991), Nicolaescu (1995), Cappell, Lee and Miller (1996). ) 


^The Maslov’s index is the index of a closed curve in a Lagrangian submanifold of a 2n- 
dimensional symplectic space V, (coordinates (x,y)), calculated in a neighborhood of a caustic. 
(These are points of the Lagrangian manifold, where the projection on the a:-plane has not constant 
rank n. Caustics are also called the projection on the x-plane of the set E(U) C V of singular 
points of V, with respect to this projection.) See also [25]. 

^Further reformulations are given by L. Hormander [23], J. Leray [27], G. Lion and M. Vergue 
[28], M. Kashiwara [24] and T. Thomas [64]. 
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In 1980 V. I. Arnold introduced also the notion of Lagrangian cobordism in sym- 
plectic topology [6, 7, 9]. This new notion has been also studied by Y. Eliashberg 
and M. Audin in the framework of the Algebraic Topology [10, 16]. Next this 
approach has been generalized to higher order PDEs by A. Prastaro [33].® 

In this paper we give a general method to recognize “Maslov index” in the frame¬ 
work of the PDE geometry. Furthermore we utilize our Algebraic Topology of 
PDEs to calculate suitable Lagrangian bordism groups in a 2n-dimensional sym- 
plectic manifold. 

As a by-product of our geometric methods in PDEs, we get another proof of ex¬ 
istence of global smooth solutions, defined on all K®, for the Navier-Stokes PDE, 
(NS). This proof confirms one on the existence of global smooth solutions for 
(NS), given in some our previous works [34, 35, 39, 40, 43, 49]. 

Finally remark that we have written this work in an expository style, in order 
to be accessible at the most large audience of mathematicians and mathematical 
physicists.^ 

The main results are the following: Definition 4.2 and Definition 4.3 encoding 
Maslov cycles and Maslov indexes for solutions of PDEs that generalize usual 
ones. Theorem 4.3 giving a relation between Maslov cycles and Maslov indexes 
for solutions of PDEs. Theorem 4.4 recognizing Maslov index for any Lagrangian 
manifold, considered as solution of a suitable PDEs of first order. Theorem 4.5 giv¬ 
ing G-singular Lagrangian bordism groups, and Theorem 4.6 characterizing closed 
weak Lagrangian bordism groups. In Appendix B are reproduced similar results 
for Legendrian submanifolds of a contact manifold. Theorem A1 in Appendix A 
supports the method, given in Example 4.5, to build smooth global solutions of the 
Navier-Stokes PDEs, defined on all K®. 


2. Maslov index overview 

In this section we give an algebraic approach to Maslov index that is more useful 
to be recast in the framework of PDEs geometry. This approach essentially follows 
one given by V. 1. Arnold [4, 5], M. Kashiwara [24] and T. Thomas [64]. 

Definition 2.1. Let (V,uj) be a symplectic M.— vector space over any field K (with 
characteristic ^2), where to is a symplectic form. We denote by LagriV,uj) the set 
of Lagrangian subspaces, defined in (1). 

( 1 ) Lagr{V,Cv) = {L<V\L = L^} 

with E-^ = {v gV \ w) = 0, Vw S E}. 

Example 2.1. Let us consider the simplest example of LagriV^vj), with E = 
and uj{{xi,yi),{x 2 ,y 2 )) = Xiy 2 - yiX 2 . Then we get Lagr{V,uj) = Gi, 2 (R^) = 
]^pi 5 Therefore, Lagr{V,uj) is a compact analytical manifold of dimension 1. If 
we consider oriented Lagrangian spaces we get Lffg.^{V,uj) = G]j'' 2 (R^) = . Since 


®See also [11] and references quoted there. 

^For general complementary information on Algebraic Topology and Differential Topology, see, 
e.g., [3, 15, 18, 22, 31, 55, 56, 57, 58, 59, 60, 61, 63, 65, 66, 67, 68]. 

®We use notations and results reported in ]37] about Grassmann manifolds. 
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, we get the commutative and exact diagram (2). 

( 2 ) 

I 

Lagr {V, Lo) RP^ 


0 

In (2) det^ denotes the isomorphism L(0) i—> 9 G [ 0 , 7 r). One has the following 

cell decomposition into Schubert cells: 

( 3 ) LagriV,Uj)^RU{00} = C2UCi 

where C 2 is the cell of dimension 1 and Ci is the cell of dimension 0. This allows 
us to calculate the (co)homology spaces of Lagr (y,uj) as reported in (4). 

(4) H\Lagr{V,U:)-Z2) = HkiLagr{V,Uj)-Z2) =0^2 = 

Nk 

where Nk is the number of cells of dimension k. We get also the following funda¬ 
mental homotopy group for Lagr{V,uj). 

(5) Tri{LagriV,uj)) ^ 7ri(S'^) = Z. 

• The inverse dijfeomorphism of det^, is the map i— L{6) identifying the gen¬ 
erator 1 of the isomorphsism ni^LagriY^uj)) = Z. 

• The degree of a loop 7 : —>■ LagriV,uj) = , is the number of elements 

for L € Lagriy.uj). 

• Let { 61 , 62 } = 1(1, 0), (0,1)1 be the canonical basis in Then we call real 
Lagrangian 

R = {a;ei | Va; G Kj C 

and imaginary Lagrangian 

iR = {ye 2 | Vy G R} C R^. 

They are complementary: R 2 -R 0 ZR. 

• Let (/) : R^ —^ R 6e a symmetric bilinear form. One defines graph of (R,<f)), the 
following set 

r(R. 0 ) = {(a;,<})^(l))GR 2 }cR 2 

where t/ij, : R —>■ R is the partial linear mapping, identified with a number via the 
canonical isomorphism R* = R. r(R ^) is a Lagrangian space o/(R^,u;). In fact if 
x' = Xx, we get = Xcfxi^), for any A G R. 

• One has the identification of Lagr{V,uj) with a symmetric space (and Einstein 
manifold), via the grassmannian diffeomorphism 

LagriV,u:) ^ G{; 2 (R 2 ) = SO(2)/SO{l) x 50(1). 

Example 2 . 2 . Above considerations can be generalized to any dimension, namely 
considering the symeplectic space {y,Lo) = (R^”,aj), with 

uj{{x,y), {x',y')) = x'jyj - y'^Xj. 

l<j<n 


f Z2 , 0 < fc < 1 
\ 0 , fc > 1 
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However, L'^g^{V,uj) does not coincide with the grassmannian space — 

SO{2n)/SO{n) x SO(n), but one has the isomorphism reported in (6).® 


( 6 ) 


U{n)/0{n) = Lagr{V,uj), A A(zR”). 


Therefore one has 

(7) AiTa{Lagr{V,w)) =n - - -=- - -. 

• The graph r(Rn = {</)* = (p G M„(]R)} defines a chart at R” G LagriV,uj). 

• (Arnold 1967). The square of the determinant function det^ : Lagriy,<-v) —?> 
L = A(iR") I—> det^(A), induces the isomorphism 


det^ : TTi{Lagr{V,uj)) = 7ri(5'i) = Z 

(7 : ^ LagriV,uj)) ^ degree( 5^ Lagr{V,uj) ). 


This is a consequence of the homotopy exact sequence of the exact commutative 
diagram (9) of fiber bundles. 


(9) 0 0 0 

' ’ ' ' 

0 -^ SO{n) -^ 0{n) - 0(1) = S° -^ 0 

, , 

0 -^ SU{n) -^ U{n) - 1/(1) = ^ 0 

0 -^ LtgAV,iv) -^ Lagr{V,L0) —^\agr{^^,Uj') = ^ 0 

,, I 

0 0 0 

As a by product we get the first cohomology group of LagriV, to), with coefficients 


on Z.' 

J H^Lagr{V,Oj);Z) = 

Homi{-Ki{Lagr{V,Uj)),Z) ^ Z 

(10) 

1 a( 7 ) = degree( — 

Lagr{V,Uj) ) GZ, 


Example 2.3. Let (V^tr) be a 2n-dimensional real symplectic vector space, endowed 
with a complex structure J : V ^ V, such that g : E x E ^ R, g(u, v) = a{J{u), v), 
is an inner product. Then for any L G Lagr{V, a), the following propositions hold. 


®To fix ideas and nomenclature, we have reported in Tab. 1 natural geometric structures that 
can be recognized on besides their corresponding symmetry groups. The complex structure i 
allows us to consider the isomorphism R^"' = C", , y-’) i <5 < n I-)- = ( 2 : 1 ,... 

Then the symmetry group of = C^, is GL{n,<C). Moreover the symmetry group of 

is ^^(n) p) 01/(71, C) = U{n). Therefore the matrix A in ( 6 ) belongs to U{n), hence 
det^(A) G C. Furthermore, taking into account that A can be diagonalized with eigenvalues 
^^ j ^ follows that det^ (A) = for some A € M. Therefore, det^ (A) E . 
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Table 1. Natural geometric structures on and corresponding 
symmetry groups. 


Name 

Structure 

Symmetry group 

Euclidean 

g : X ^ 

g{v,v') = +yjyi) 

0(2n) = {A = {aij) 6 M 2 n(R) | det A # 0, A'A = hn] 

sympiectic 

W : R2n ]^2n ^ 

u{v,v') = ~ ^jy'i) 

SpW = {A = (o,,)€M2„(K)|dBtA#0,A'(^ o' ) ^ 

hermitian 

h ; R2ri X R2n ^ c 

h{v,v') = g(v,v') +iu{v,v') = J2i<i<ni^j +‘^yj)i^'i +^yi) 

U{n) = {A = {aij) 6 Mn{C) | det A # 0, AA* = /„} 


U(n) = ■5p(n)pl 0(2n). 0(2n), Sp{n) C GI-(2n,IR), closed sub-groups. 

GL{n, C) is the symmetry group of the complex structure. 0(2n) f) GL{n, C) = GL{n, C) H = U{n). 

R2n _ {(a;,y) = (xi, - • - ,Xn,yi, - ' ,yn)\xj,yj € R}. 

A* = (uji), if A = (flij). In the real case A* = (uji). 

(i) One has the diffeomorphism U(V)/0{L) = Lagr{V,a), A i-A A{L), where 

0{L) = {A&U{V)\A{L)=L}. 

(ii) One has the isomorphism Jl '■ = {V,a,J), //.(iR") = L. 

(iii) One has the dijfeomorphism 

fL : Lasr(K"",u;) = U{n)/0{n) ^ Lagr{V,a) ^ U{V)/0{L), A ^ /l(A). 

(iv) If Li, L 2 G Lagr(y,a), there exists a difference element A[Li,L 2 ] € Lagr(R^",w), 
such that A[Li,T 2 ] — C R^”. Therefore Lagr{V,a) has a Lagri^'^^,^jj)-nffine 
structure. 

Definition 2.2. The Witt group of a field K is VF(]K) = 7ro(Q+), where Q+ is 
the category whose objeets are quadratic spaces, namely vector spaces with non¬ 
degenerate, symmetric bilinear forms. We say that two quadratic spaces Vi, V 2 € 
06(Q+), are Witt-equivalent if there exists a Lagrangian correspondence between 
them, more precisely a morphism f G (Vi, V 2 ) := LagriVf © V 2 ), called 

the space of Lagrangian correspondences. There (V,q)° := {V,—q), with q the qua¬ 
dratic structure. Composition of morphisms is meant in the sense of composition 
of general correspondences. (For example if f : Vi ^ V 2 is an isometry then the 
graph F/ C Vf © V 2 is Lagrangian. Think of composing functions f : A ^ B and 
g : B ^ C via the subsets of Ay. B and B x C .f 

Proposition 2.1. FF(]K) is the group whose elements are Witt equivalence classes 
of quadratic spaces, with addition induced by direct sum, and the inverse —(V,q) is 
given by -{V,q) = {V,q)°. 

Example 2.4. Let us consider 

(L?)=(«“.(;' .“i)). 

• One has the isomorphism: W (M) = Z that is the index of q, namely the number 
of positive eigenvalues minus the number of negative eigenvalues. 

• One has the isomorphism: Vl^(C) = Z/2Z = Z 2 that is the dimension ofW{G).^ 


^If / : Vi —>■ V 2 is an isomorphism, then the graph Ty C Vf ® V 2 is Lagrangian. The quadratic 
space (V, q) is equivalent to 0 iff it contains Lagrangian. (For more details on Witt group see the 
following link: Wikipedia-Witt-group and References therein.) 

®In this paper we denote Z/nZ by Zn- 
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Theorem 2.1. There exists a canonical mapping t : Lagr{V,u}Y‘’' —>■ ]T(K) that 
we call Maslov index and that factorizes as reported in the commutative diagram 
( 11 ). 


(11) LagriV.iof^ - ^Ob{Q+) 

1T(K) 

Proof. Given a r-tuple L = (Li, • • • , Lr) of Lagrangian subspaces of {V, ta), we can 
identify a cochain complex (12) 


( 12 ) 






V 


where S is the sum of the components, and d(a) = {a,—a) G Li (B Ti+i, Va G 
Then we get a quadratic space (TL,q]f), with = ker^/im d and 
qL{o,,b) = (Maslov form), where a, b G Tl are lifted to the repre¬ 

sentative (tti), (bi) G (SiLi. Then the Maslov index is defined by (13). 


( 13 ) t(L) =r(ii,-- - ,Lr) = {TL,qL)GW{K). 

One has the following properties: 

(a) Isometries: T(Li, ■ ■ ■ , L^) = T{Lr, Li, - ■ ■ , L^-i) = T(Li, ■ ■ ■ , Lr)°■ 

(b) Lagrangian correspondences: 

T(Li, ■ ■ ■ , Lr) (B T(Li, Lfc, • • • ,Lj.)^ T(Li, ■ ■ ■ , Lr), k < r. 

By considering cell complex Cl = C(Li, ■ ■ ■ ,Lr), as r-gon, with the face labelled 
by V, edges labelled by Li and vertices labelled by Li p| Li+i, property (b) allows us 
to reduce to the case of three Lagrangian subspaces. Furthermore, Lagrangian cor¬ 
respondences induce cobordism properties. For example C{Li, L2, L^, L4) cobords 
with C{Li,L 2 , L3) IJ C(Li, L 3 , L4). 

(c) Cocycle property: 

T{Li,L2,L'i) - t(Li,L2, L4) + r(Li, L3,Z/4) - t{L2,L^,L4) = 0 . 

□ 

Theorem 2.2 (Leray’s function). • (Case K = R). 

Let TT : Lagr(V, 0 j) -G Lagr(V,u}) be the universal cover of the Lagrangian Grass- 
mannian. Then there exists a function ( Leray’s function) 

m : Lagr(V,Uj) Z = W(R) = 7ri(Lagr(V,Uj)) 

such that 

t{ 7 t{Li), • • • , 7 T{Lr)) = ^ m{L^, Lj+l). 

lez,, 

• (Case K general ground field). 

Let L'fg.^fV, Lo) be the set of oriented Lagrangians. There exists a function 


such that 


t(Li, ■ ■ ■ , Lr) = m(Li, Li+i) mod 
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where I = ker(dim : VF(K) —>■ Z 2 ). ® 

Theorem 2.3 (Metaplectic group). The Maslov index allows to identify a central 
extension Mp(V) of the group Sp(V) that when K = R is the unique double cover 
of Sp{V). (Mp{V) is called metaplectic group.J 

Proof. The cocycle property allows to equip Mpi{V) = 1T(K) x SpfV), with the 
multiplication: 

(14) {q, g)-{q',g') = iq + q' + t{L, gL, gg'L), gg'). 

Thus Mpify) is a group and gives a central extension 

(15) 0-^ 1T(K)-^ Mpi {V) -^ SpiV) -^ 1 

Moreover set 

(16) Mp 2 {V) = |(m(gZ,Z) + q,g) g € 5'p(T)| C Mpi{V) 

where L G A over L G LagrfV). Mp 2 (y) is a subgroup, giving a central extension 

(17) 0-- ^Mp2{V) - ^Sp{V) -s-1 

By quotient P by P we define a central extension 

(18) 0- ^P/P - ^Mp{V) - ^Sp{V) -^1 

defining Mp{V), called metaplectic group. 

When K = R, P/P = I 2 , so Mp{V) is the unique double cover of Sp{V). In this 
case Mp{V) has four connected components, among which Mp 2 {V) is the identity. 
Mp 2 {V) is the universal covering group of S'p(M).^° □ 

Example 2.5 (Arnold’s Maslov index). The cohomology class of the Arnold’s ap¬ 
proach for Maslov index is a G i7^(LQgr(R^"', w); Z) = Z, obtained as the pullback 
of the standard differential form d0 : ^ T*S^, via det^ : Lagr(R^”,w) -G S^. In 

(19) are summarized the Arnold’s definitions of Maslov index for L G 


(19) 


pm) 

t{Li,L2) 

. TiLl, L2, L3) 


^ r 1-f , 0 < 9 < 7 : 

\ 0 ,0 = 0 

f , _ 2 (6)i-6)2) 

= -t{L2,Li) = ^ 


, 0 < 01 < 02 < TT 

T 01 = 02 


— t{Li,L2) + t{L 2, Lf) + t{L^, Li) G { — 1,0,1} C Z. 


• Any couple (^ 1 ,^ 2 ) of Lagrangians in Lagri'R.^,^^), determines a curve 712 : I = 
[0,1] -G Lagr{^^,p, 7i2(t) = A((l — t) 0 i + t 02 ), Connecting Li and L2. 

• A triple {Li,L2,L^) of Lagrangians in Lagr(^,^jj), determines a loop 7123 = 

712723731 : -G Lagri'R.^,^^), with homotopy class the Maslov index of the triple: 

7123 = 7‘(Al,i2, A 3 ) G { — 1,0, 1} C Tri{Lagr{^^,U!)) = Z. 


^Lagr{V,Lj) has a unique double cover P^Pgr(V,uj). For any pair (Li,L 2 ) with Li, L2 G 
P'Aagr{V,u), the number m(Li,L2) is well-defined mod 4 . 

^*^One can construct Mp{V) also by observing that Sp{V) embeds into Lagr(,V° ^V) by 
g H-^ Fg, the graph of g. Then define multiplication on Mp2{V): {q, g).{q', g') = (? + + 

T(ri, Fg, Fgg/), gg'). Moreover, Fg has a canonical orientation. 

^^In particular, ii 0 < 9 i < 62 < O3 < tt, then t{L\, L2, L3) = 1 . 
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In fact, for 0 < 9i < 62 < 9^ < tt, one has det ^7123 = 1 ^ , and 

degree(det ^ 7123 ) = 1 = t{Li,L 2 ,Lz) e Z. 

In (20) are summarized the Arnold’s definitions of Maslov index for L £ Lagri^^’^ ,aj), 
n > 1. There • • • , ±e*®", denote the eigenvalues of the matrix A £ U{n), such 

that = L. 


( 20 ) 
r r{L) 

< t{Li,L 2 ) 

I t{Li,L2,L^) 


Sl<j<ra(l TT^ ) ^ 0 ^ 

f /I _ 2(^1,--gsj) 

-t{L2,Li) = 1 


0 < 01, < 02 


• (Arnold 1967). The Poincare dual Da of a € i 7 ^(La 3 r(R^", w); Z) = Z, is called 
the Maslov cycle, and it results 

(21) Da = {LG Lagr0^^",uj) | L f| 7 ^ {0}} 

with 


( 22 ) [Da] £ g (n + 2Rn-n {Lagr («"” , w) ; Z) . 

2 

Example 2.6 (The Wall non-additivity invariant as Maslov index). Let {V,uj) be a 
symplectic space and {Li, L 2 , L 3 ) a triple of Lagrangian subspaces. The Wall non¬ 
additivity invariant w{Li, L 2 , L 3 ) = a{W,ip), i.e., the signature of the non-singular 
symmetric form 

•0 : W X W ^ R, TT{xi,X2,X3,yi,y2,y3) = w(a;i,2/2) 

with 

_ {(2^!) 2^2; 2:3) £ Ti © T2 © .^3 I 2^1 + 3^2 + 2:3 = 0} 
im(Li n -^2 + 7^2 n ^3 + A3 Pi Li) 

• (Wall [ 67 ]) w{Li, L 2 , L 3 ) can be identified with the defect of the Novikov additivity 
for the signature of the triple union of a Ak-dimenaional manifold with boundary 
iX,dX): 

wiLi,L 2 ,L 3 )=a{Xi) + a{Xi) + a{X 2 ) + <7iX3)-aiX)€Z 

where X = Ai|jA2ljA'3, and Xi, i = 1 , 2 , 3 , are codimension 0 manifolds with 
boundary meeting transversely as pictured in ( 24 ). One has a nonsingular symplec¬ 
tic intersection form on P A2 P X3; M), and the following Lagrangian 

subspaces: 

( Li =im(i72fc-i(X2pA3;R) ^i72'=-i(AipA2pA3;K)) 

( 23 ) L2 = im(i 72 fc-i(XipA 3 ;R)^i 72 '=-i(AipA 2 pA 3 ;K)) 

[ L 3 = im(i72fc-i(Xi p A 2 ; R) ^ ij 2 fc-i(Xi p A 2 p A 3 ; R)). 

• (Cappell, Lee and Miller [ 13 ]) The Maslov index of the triple {Li, L 2 , L 3 ) coincides 
with the Wall non-dditivity invariant of (Li,L2,^3).^^ 

t{Li,L 2 ,L 3 ) = w{Li,L 2 ,L 3 ,g). 


^^The intersection form of a 2n-dimensional topological manifold with boundary (M,dM), 
is ( —l)"'-symmetric form A : H'^{M,dM-,'E)/Tor X H'^ [M ,dM-,7f)/Tor — >■ Z, X(x,y) =< 
x[Jy, [M] >E Z. The signature a{M) of 4fc-dimensional manifold (M, 5M), is a{M) = (t{X) E S. 
more recent different proof has been given by A. Ranicki (1997). (See in [55].) 
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( 24 ) 



3. Integral bordism groups in PDEs 

The definition of Maslov index can be recast in the framework of the PDE’s geom¬ 
etry. In fact the metasymplectic structure of the Cartan distribution of /c-jet-spaces 
Jn{W) over a fiber bundle tt : kb —)• M, dim kb = n + m, dimM = n, allows 
us to recognize “Maslov index” associated to n-dimensional integral planes of the 
Cartan distribution of J^(kb), and by restriction on any PDE Ek C J^{W). In 
the following we shall give a short panorama on the geometric theory of PDEs and 
on the metasymplectic structure of the Cartan distribution and its relations with 
(singular) solutions of PDEs. (For more information see also [29, 39].)^^ 

Let kF be a smooth manifold of dimension m + n. For any n-dimensional sub¬ 
manifold N C W we denote by [A^]^ the k-jet of N at the point a £ N, i.e., the 
set of n-dimensional submanifolds of kF that have in a a contact of order k. Set 
JniW) = JniW)a, J'f{W)a = {[N]^Ja G IF}. We call J^(W) the space of all 

k-jets of submanifolds of dimension n of kF. (kF) has the following natural struc¬ 
tures of differential fiber bundles: TVk^s '■ Jn(^) '^n(^)i s < k, with affine hbers 

J^(W)g, where q = [fV]a“^ G J^“^(kF), a = nkp{q), with associated vector space 
S'^(T*iV) (g) Ua = TaW/TaN. Foi' any n-dimensional submanifold N d W one 
has the canonical embedding ■. N ^ J^(kF), given by : a j^(a) = [JV]a. We 
call j^{N) = the k-prolongation of N. In the following we shall also assume 
that there is a fiber bundle structure on kF, tt : kF ^ M, where dimM = n. Then 
there exists a canonical open bundle submanifold J^(kF) of J^(kF) that is called 
the k-jet space for sections of tt. J^{W) is diffeomorphic to the fc-jet-derivative 
space of sections of tt, JV^{W) [32]. Then, for any section s : M ^ W one has 
the commutative diagram (25), where is the fc-derivative of s and j^’(s) is the 
fc-jet-derivative of s. If s{M)^^"> C -/^(kF) is the fc-prolongation of s(M) C kF, then 
one has j^{s){M) = s{M)^^'> = s{M) = M. Of course there are also n-dimensional 
submanifolds C kF that are not representable as image of sections of tt. As a 
consequence, in these cases, A^O) = TV is not representable in the form j^{s){M) 
for some section s of tt. The condition that TV is image of some (local) section s of 
TT is equivalent to the following local condition: s*rj = s*dx^ A • • ■ A dx^ ^ 0, where 
{x°‘,y^)i<a<n,i<j<m, are fibered coordinates on kF, with vertical coordinates. 
In other words TV C kF is locally representable by equations y^ = y^{x^, ■ ■ ■ ,x'^). 

^^For general information on PDE’s geometry see [12, 14, 19, 20, 26, 37]. 
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This is equivalent to saying that N is transversal to the fibers of tt or that the 
tangent space TN identifies an horizontal distribution with respect to the vertical 
one vTW\n of the fiber bundle structure tt : Vb —^ M. Conversely, a completely in- 
tegrable n-dimensional horizontal distribution on W determines a foliation of W by 
means of n-dimensional submanifolds that can be represented by images of sections 
of TT. The Cartan distribution of J^{W) is the distribution Ej!j(lT) C TJ^{W) gen¬ 
erated by tangent spaces to the fc-prolongation of n-dimensional submanifolds 
N of IT. 


(25) JV^ {W) ^ (IT)C-^ (IT) 



Theorem 3.1 (Metasymplectic structure of the Cartan distribution). There exists 
a canonical vector-fiber-valued 2-form on the Cartan distribution E^(IT), called 
metasymplectic structure of J^{W). 

Proof. The metasymplectic structure of the Cartan distribution Ej)(lT) C TJ!^{W) 
is a section 

fife : J^(tT) ^ [5'=-i(r*) ®n](g)A2(E;;(lT)*), 

where = UqGJ^(iv) >5'''"^(r*)g, with 5''=-i(r*), = v = U,6jfc(iv) 

with Vq = {TaWiTaN), [7V]^ = q, such that the following diagram 

i i 

T,JtHW)/L, ^ ^fe-.Ll*(T,J^l(lT))/7^-^_,,(L,) 


is commutative, for all q G q = Tik^k-iiq), a = 7ife,o(<?); where Lg C 

TqJ^~^{W) is the integral vector space canonically identified by q. Then, for the 
metasymplectic structure of E^(IT) we have: 


(26) 


flfe(g) = flE^(iv)(9) e [TgJ^{W)/K{W)g]^A^EUwrg) 
= [5'=-HT*),®P,]{8)A2(Efc(lT);). 


More precisely fife = duJf\^k(^^/-^, where w/ =< uj,f >=< f,{(j)^)* >G fl^(J,^(lT)) 
are the Cartan forms corresponding to smooth functions 


/ : jfc(tT) ^ := y ulu’; = TgJ^-\W)/Lg. 

qeJ^{W) 


(j)^ is a canonical morphism of vector bundles over J^{W), defined by the exact 
sequence (27). 
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For duality one has also the exact sequence (28). 


/ ; fc \ * 

(28) -E^(tF)*^- ^ -0 



J^{W) 

Therefore we get also a smooth section 

c^:4(VF)->i/'=(g)rV„^VF), 

given by < uj, f >=< /, (<(>^”)* >= / o (j)^, for any smooth section / € C°°{{v’^)*). 
It results 

(29) E;;(IF)= y ker(w/). 

Furthermore, for any q G ^(i?) C J^+^(VF), q = [N]^ G J^(VF), one has the 
following splitting: 

(30) E^(IT), - L^^[S>^{t:N) ® p,]. 

The splitting (30) allows us to give the following evaluation of fIfc(g)(A), for any 
q G J}^iW) and A e 5'=-i(TaiV) (g) ly*: 

( nkiq)ix)ix,Y) = o, yx,Y G Lg, TTk+iM^ = q; 

(31) fIfc(g)(A)(0i,02) = O, V0i,02G^'=(T;Af)g)p,; 

[ nkiq)ix)ix,e)=<x,x\6e>, vx e 0 e 5'=(T;iV) gp,, 

where S is the morphism in the exact sequence (32). 

If there is a fiber bundle structure a : W ^ M, dim M = n, for the metasymplectic 
structure of JV’^{W) one has VLk{q) G A^(E^(IF)p 5^“^(T^*M) (g) uTaIF with 
a = TTk,o{q) G W, b = TTkiq) G M. If a is a trivial bundle a : W = XI x F ^ M, 
then one has Ofc(q) e A2(E^(IF)p (g) S’^-^{T;M)®TfF, Va = (&, /). □ 

Definition 3.1. • IFe say that vectors X,Y G E^{W)q are in involution if 

nk{q){x){x,Y) = 0, VA G 5'=-i(r„iV)(g)i/:. 

• A subspace P C E^(IF)q is called isotropic if any two vectors X,Y G P are in 
involution. 

• IFe say that a subspace P C E^(IF)q is a maximal isotropic subspace if P is not 
a proper subspace of any other isotropic subspace. 
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(32) 0 

[S^{T:N)^Ua] 

s 

r,*Ar(g)[5'"-i(T*iV)®p,] 

s 

A2(r;Af)(g)[s—2(r*iv)®p,] 

s 

s 

A"(r„*Ar) (g)[s'"-"(r;iV) ® ua] 


0 

Theorem 3.2 (Structure of maximal isotropic subspaces). Any maximal isotropic 
subspace P C E^(W)q is one tangent at q = [-/V]o to a maximal integral mani¬ 
fold V of E^{W). These are of dimension + n — p, such that n — p = 

dim(7rfe^o*(Tqy)) < dimToA^ = n. Then one says that V is of type n —p. In par¬ 
ticular if p = 0, then Lq = TqV = TaN. In the exceptional case, i.e., m = n = 1, 
maximal integral manifolds are of dimension 1 having eventual subsets belonging to 
the fibers of TTk,k-i ■ Jn{W) J^“i(lT). 

Proof. The degeneration subspace of ilk{q){X), for any A G S^~^{TaN) ® p*, is the 
subaspace P C E^{W)q given in (33). 

(33) 

P={<x + 0>|a;e Ann{~) C T^N, 9 G S\S) (g) Pa C ^'^(r^iV) (g) Pa } , 


where S is a p-dimensional subspace of T*N. 

Let, now, iV C IT be a n-dimensional submanifold of IT and let Nq C N he a 
submanifold in N. Set 


Nt\N) = {qe J^(W) I nk,k-liq) G 


La T, 


7rfc,fc-l('3)-''0 


where | a G iVo} C J^“^(1T). Then the tangent planes to 

Nq'^\n) coincide with the maximal involutive subspaces described in (33). There¬ 
fore, Nq^\n) is a maximal integral manifold of the Cartan distribution. □ 








THE MASLOV INDEX IN PDES GEOMETRY 


13 


(34) 0 


9m{q) 

5 

s 

K^(T:N)®gm-2{q) 

5 

5 

g-m-niq) 


0 

Definition 3.2 (Partial differential equation for submanifolds). A partial dif¬ 
ferential equation (PDE) for n-dimensional submanifolds of W is a submanifold 
Ek C A Cregularj solution of Ek is a (regular) solution of J^{W) that is 

contained into E^. In particular, if Ek C J^{W) C j(f{W) we can talk about PDE 
for sections o/tt : W —>■ M. T/ie prolongation of order / of Ek C j!f{W) is the subset 
iEk)+i C J^+HVP) defined by iEk)+i = 4iEk)nJt‘iW). A PDE Ek C J^(VP) is 
called formally integrable if for all I >0 the prolongations {Ek)+i smooth sub¬ 
manifolds and the projections TTk+i+i,k+i '■ {Ek)+{i+i) {Ek)+i, T^k,o ■ Ek^W are 

smooth bundles. The symbol of the PDE Ek C J^ijW) at the point q = [7V]^ G Ek is 
defined to be the following subspaces: gk{q) = Tq{Ek)C\Tq{Fq), where q = Trk,k-ii,q), 
and T^kk_i{q) = Fq C J^{W). Using the affine structure on the fibre Fq, we can 
identify the symbol gk{q) with a subspace in S^{(TfN)®Va: gk{q) C S^{T*N)®Va. 
Suppose that all prolongations [Ek)+i smooth manifolds, then their symbols 
at points q = are Ith prolongations of the symbol gk{q), hence gk+iiff) = 

gk+i{q) C S'^+\T*N) 0 Va and 6{gk+i{q)) C gk+(i-i)iq) 0 T*N, 1 = 1,2,... where 
by S : 5'^+^(r*7V) 0 —>■ T*iV 0 0 i>a we- denote i5-Spencer oper¬ 

ator. Therefore, at each point q G Ek the 5-Spencer complex is defined, where 
m> k. We denote by (Ek, q) the cohomologies of this complex at the term 

A'l(r*7V) ® gm-j{q). They are called (5-Spencer cohomologies of PDE at the point 
q G Ek. We say that gk is involutive if the sequences (34) are exact and that gk 
is r-acyclic if (Ek,q) = 0 for m — j>k, 0<j<r. If Ek C J^(bP) is 

a 2-acyclic PDE , i.e., II^'''{Ek,q) = Q, 'iq G Ek, 0<j < 2, m — j>k, and 
TTk+i,k '■ E^'^ Ek, TTk,Q '■ Ek W are smooth bundles, then Ek is formally 
integrable. 


l^In this paper, for sake of simplicity, we shall consider only smooth PDEs. For information 
on the geometry of singular PDEs, see the following references [2, 40, 46, 48, 49]. 
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Definition 3 . 3 . We say that Ek C is completely integrable if for any point 

q G Ek, passes a (local) solution of Ek, hence a n-dimensional manifold V C Ek, 
with q G V and V = . This implies that the following sequence 


{-hik')+r 


TTfc + r.fc + r-l 

-^ Ek+r-l 


0 


is exact for any r > 1 . (This is equivalent to say that'Kk+r,k+r-i\{Ek)+r surjective. 

Proposition 3.1. In the category of analytic manifolds, (i.e., manifolds of class 
), the formal integrability implies the complete integrability. 


Definition 3.4. A Cartan connection on Ek is a n-dimensional subdistribution 
H C Efc such that T(7rfe,fe_i)(H,) = L, = [7V]^ = q, Vq G Ek-^^ 

We call curvature of the Cartan connection H on Ek C Jn{W) the field of geometric 
objects on Ek: 


( 35 ) 


fin : q^ A2(H*) ^[S>^-\TaN) ® u:/Annigk-i)]* 
^ AHt:N) ^[S'^-^iTaN) 0 n:/Ann{gk-i)]* 


obtained by restriction on H of the metasymplectic structure on the distribution E^. 


Proposition 3.2. In any flat Cartan connection H C E^, i.e., a Cartan connec¬ 
tion having zero curvature: SIr = 0 , any two vector X,Y G Hq, q G Ek are in 
involution. 


Definition 3.5. Let us assume that {Ek)+i —>■ Ek is a smooth subbundle of 
J(((W). Then any section ) : Ek ^ {Ek)+i is called a Bott con¬ 
nection. 

Theorem 3.3. 1) A Cartan connection H is a Bott connection iff flu = 0.^^ 

2) A Cartan connection H gives a splitting of the Cartan distribution 

E^-gfe0H. 

Two Cartan connections H, H' on Ek identify a field of geometric objects X on Ek 
called soldering form; A = Ah,h' : Ek H* ^gk, X{q) € T*A^ 0 9 k{q)- One has: 

• Hh' = + <5A. 

• (Bianchi identity) JAIh = 0, 

Ilii{q)mod6{T:N®gk{q)) G H^-^'\Ek)q. 

We call such 5-cohomology class of flu the Weyl tensor of Ek at q G Ek: Wk{q) = 
[^^h(9)]- Then, there exists a point u G {Ek)+i over q G Ek iffWk{q) = 0. 

3) Suppose that gk+i is a vector bundle over Ek C J({{W). Then if the Weyl tensor 
Wk vanishes the projection nk+i^k '■ {Ek)+i Ek is a smooth affine bundle. 

4) If gk+i are vector bundles over Ek and Wk+i = 0, / > 0, then Ek is formally 
integrable. 

5) If the system Ek is of finite type, i.e., gk+i{q) = 0, Vg £ Ek, I > Iq, then 
Wk+i = 0, 0 < I < lo> is a sufficient condition for integrability. 


16As dimfL,) = n = dimHq then there exists a n-dimensional submanifold X G W such that 

TqXiO = H,, with [Xt = q, mS-l = [iV]S-l, = Lq. 

—)■ Ek is a smooth subbundle of Jn'^^{W) —)■ then a flat Cartan connection 

is also an involutive distribution. On the other hand a Bott connection identifies an involutive 
distribution iff it is a flat connection. (For more details on (fc -h l)-connections on W, see [39].) 
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Theorem 3.4. Given a Cartan connection H on Ek, for any regular solution 
]\lG) ^ identify a section hV G C°°{T*N ^ gk) called covariant differential 

of H of the solution N. Furthermore, for any vector field C, : N ^ TN we get a 
section hVC G C°°{gk\Nm)- 

Theorem 3.5 (Characteristic distribution of PDE). Let C be a PDE 

such that {Ek)+i Ek is a smooth subbundle of J^+^(W) -)• Then for 

any q G {Ek)+i the set Ch.ar{Ek)q of vectors in the splitting (Efc)^ = Lq^{gk)q, 
C = V + 0, such that = 0, for any 6 G {gk)q is called the space of charac¬ 

teristic vectors at q G Ek- Char (Ek) is an involutive substribution of the Cartan 
distribution Efc. 

• Char(£’fc) = EfcP|s(E'fe), where s{Ek)is the space of infinitesimal simmetries of 
Ek, namely the set of vector field on Ek whose flows preserve the Cartan distribu¬ 
tion. 

Proof. See [39]. □ 

Definition 3.6. We call a PDE Ek C J^{W) degenerate at the point q G Ek if 
there is a p-dimensional (0 < p < n), subspace 'E.q C T*N, such that 

igk)q C Z/aj. 

Theorem 3.6. Char{Ek)q 0 iff Ek is a degenerate PDE at the point q € Ek- 

The subspace 

Eg = Ann{{TTkp)* {Char {Ek)q)) 
is the subspace of degeneration of Ek at the point q £ Ek. 

• Let Ek C J^{W) he a PDE such that the following conditions hold: 

(i) TTk+i,k ■ {Ek)+i Ek and Tik.k-i '■ Ek —>■ J^~^{W) are smooth bundles: 

(ii) S = UqGEfc ® smooth vector bundle, where Eg is a space of degeneration 

of Ek at the point q G Ek- Then, Char (Efc) is a smooth distribution on Ek. and 
solutions of Ek can be formulated by the method of characteristics.^^ 

In this section we shall classify global singular solutions of PDEs by means of 
suitable bordism groups. 

Definition 3.7 (Generalized singular solutions of PDE). Let Ek C J^iW) be a 
PDE. We call bar singular chain complex, with coefficients into an abelian group 
G, of Ek the chain complex: 

{Cq,{Ek-,G),d}, 

where Cp{Ek',G) is the G-module of formal linear combinations, with coefficients 
in G, 'Yf\ci, where Ci is a singular p-chain f : > Ek that extends on a neigh¬ 
borhood U C such that f on U is differentiable and Tf{AP) C Efc. Denote 

by P[p{Ek',G) the corresponding homology (bar singular homology with coefficients 
in G) of Ek. 

A G-singular p-dimensional integral manifold of Ek C J^{W), is a bar singular 
p-chain V with p < n, and coefficients into an abelian group G, such that V C Efc. 


^®In other words the method of characteristics allows us to solve Cauchy problems in Ek, 
namely to build a solution V containing a fixed (n —l)-dimensional integral manifold Nq: Nq C V. 
In fact if C ■ ®fc —> TEk is a characteristic vector field of Ek, transverse to Nq , then V = U 
is a solution of Ek^ if dcj) = 
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Table 2. Legenda for the commutative exact diagram (36). 


Name 

Definition 

Properties 

Bordism group 

Bor.(Ek\G) 

be°[a]E,, eBor.(Ek-,G)^3ceC.(Ek-,G) ■.dc = a-b 

Cyclism group 

Cyc.(Ek-,G) 

b e ®[a]E, e Cyc.(Ek-, G) ^ 9(a - fc) = 0 

Closed bordism group 

Gn^h 

da = db = 0 1 

be He, e o.,s 1 „_,, = 5c f 


Set B,{Ek;G) = im (9), Z,{Ek]G) = ker(9). 
tative diagram (36). 

(36) 

0 


Therefore, one has the exact commu- 


0 


0-^ MEk;G) - ^ Z,{Ek; G) - ^ H.{Ek;G) -^ 0 


C,{Ek-,G)^^C.{Ek;G) 


0-- ^125-- Bor,{Ek-,G) -- Cyc,{E,; G) -- 0 


0 0 

In Tab. 2 are given some more explicit properties about the symbols involved in 

(36) . 

Theorem 3.7 (Integral singular bordism groups of PDE). • One has the following 
canonical isomorphism: 

• = 0 one has: Bor,{Ek',G) = Cyc,{Ek',G). 

• If Gyc,{Ek]G) is a free G-module, then the bottom horizontal exact sequence, in 
above diagram, splits and one has the isomorphism: 

Bor,{Ek; G) ^ °niEk),,s 0 Cyc.{Ek-,G). 

Remark 3.1. By considering the dual complex 

(37) {CP{Ek;G) = Homz{Cj,iEk-,Zy,G),S} 

and H^[Ek',G), the associated homology spaces (bar singular cohomology, with 
coefficients into G of Ek), we can talk also of singular co-bordism groups with coef¬ 
ficients in G. These are important objects, but in this paper we will skip on these 
aspects. 

Definition 3.8. A G-singular p-dimensional quantum manifold of E^ is a bar 
singular p-chain V C jfifW), with p < n, and coefficients into an abelian group G, 
such that dV C E^. Let us denote by ^Llp^s{Ek) the corresponding (closed) bordism 
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groups in the singular case. Let us denote also by the equivalence classes 

of quantum singular bordisms respectively.^^ 

Remark 3.2. Let us emphasize that a G-singular solution V G Ek can be written 
as a n-chain V = where Oi G G and Ui : A'^ Ek, such that Mi(A") is 

an integral manifold of Ek.^^ In particular a G-singular solution V of Ek can have 
tangent spaces TqV is some points q G V such that TqV is a n-dimensional integral 
plane, i.e., an n-dimensional subspace of (Efe)^ C TqEk of the type Lq, for some 
q G {Ek)+i, or admitting the splitting 

where = TqV fKfffc)? C VqC\[S’^{T*N) ^ i^a] and V° C Lq, V° = {-KkfiiVq)) C 
TaN, diml/° = type(F) = n—p. {gk)q is the unique maximal isotropic subspace of 
dimension equal to (and type 0). Therefore, under the condition (38). 


(38) 


m 


p + fc — 1 


> n 


a singular solution of Ek can contain pieces of type 0. We say that a singular 
solution is completely degenerate if it is an integral n-chain of type 0, namely 
completely contained in the symbol {gk)q, for some q G Ek. In general a singular 
solution can contain completely degenerate pieces. When the set E(E) C V of 
singular points of a singular solution V G Ek, is nowhere dense in V, therefore 
dimE(E) < n, then we say that in V there are Thom-Boardman singularities. 
In such points q G V one has diro.\TqV n(5fe)g] = Pj 0 < p < n. This is 
equivalent to state that dim[(7rfc^o)*(2gE)] = n — p, or that q is a point o/Thom- 
Boardman-degeneration. Finally when E(E) = 0, and there are not completely 
degenerate points in V, we say that V is a regular solution. In such a case V is 
diffeomorphic to its projection X = irkpiV) G W, or equivalently qIv : V W 
is an embedding. 


Theorem 3.8 (Cauchy problems in PDE). If Ek is a completely integrable PDE, 
and dim(pfc)+i > n, given a (n — 1)-dimensional regular integral manifold N, con¬ 
tained in Ek, there exists a solution V G Ek, such that V D N. 


Proof. In fact, since N is regular, it identifies a (n — l)-manifold in W, say Nq G W. 
Let Y C IT be a n-dimensional manifold containing Nq. Then taking into account 
that Ek is completely integrable, we can assume that the (fc -|- l)-prolongation 
y(fe+i) ^ J^+^W of Y is such that P|(Efe)+i = Nq^\ namely it coincides 

with an (n —l)-dimensional integral manifold that projects on Ek. We call the 
first prolongation of Nq. Now taking into account that {Ek)+i is the strong retract 
of J^+^(IT), we can retract map into {Ek)+i, via the retraction, obtaining 

a solution V' G (Ek)+i of (Ek)+i passing for Nq^\ By projecting V into Ek, we 


^^These bordism groups can be called also G-singular p-dimensional integral bordism groups 
relative to C J!^{W). They play an important role in PDE algebraic topology. For more 
details see Refs. [38, 39, 44, 45, 46, 47, 48]. 

^®In such a category can be considered also so-called neck-pinching singular solutions that 
are very important whether from a theoretical point of view as well in applications. (See, e.g., 
[50, 51].) 
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obtain a solution V containing N. Since dim((;fc)+i > n, the solution V does not 
necessitate to be regular, but can have singular points. □ 


Example 3.1. Let E 2 C JT>^(W), he an analytic dynamic equation of a rigid sys¬ 
tem with n-degree of freedoms. Let {t, g®} be local coordinates on JV^iW). 

Such an equation is completely integrable. A Cauchy problem there is encoded by a 
point qo & E 2 , hence for that point pass an unique solution V, i.e., an integral curve 
contained into E 2 ■ Let us, however, try to apply the proceeding of the proof of The¬ 
orem 3.8. This is strictly impossible ! In fact the symbol of such an equation is nec¬ 
essarily zero: dim(g 2)(3 = 0, for any q € On the other hand we can consider 

a point go belonging to (E 2 )+i and such that 713 ^ 2 ( 90 ) = 90 ; and 712 , 0 ( 90 ) = a S W, 
and we can assume that there exists an integral curve Y C JU^fW) passing for go, 
but when we retract such a curve into {E 2 )+i, we get the unique curve F passing 
for go contained into {E 2 )+i- This curve does not necessarily pass for the point 
go = (^’’’^ 2 ( 90 ); since the first prolongation ofV does not necessarily co¬ 

incide with r. Thus the proceeding considered in the proof of Theorem 3.8 does not 
apply to PDEs (or ODEs), having zero symbols g 2 = 0. In other words, for such 
PDEs, despite 712 , 0 ( 90 ) = 7’‘2,o(9o) = « £ ^> "we cannot connect two regular solu¬ 
tions corresponding to two different initial conditions go and q^, with a completely 
degenerate piece, or a Thom-Boardman-singular piece. However, a more general 
concept of solutions can be considered also when = 0. In fact weak solutions 
allow include solutions with discontinuity points.^^ 

Remark 3.3. Weak solutions are of great importance and must be included in a 
geometric theory of PDE’s too. 

Definition 3.9. Let (resp. resp. ^n-iw)> integral bordism 

group for [n—l)-dimensional smooth admissible regular integral manifolds contained 
in Ek, bounding smooth regular integral manifold-solutions,^^ (resp. piecewise- 
smooth or singular solutions, resp. singular-weak solutions), of Ek. 

Theorem 3.9. Let tv : W ^ M be a fiber bundle with W and M smooth manifolds, 
respectively of dimension m-\-n andn. Let Ek C J!f{W) be a PDE for n-dimensional 
submanifolds of W. One has the following exact commutative diagram relating the 
groups and 


general such dynamical equations have zero symbol since they are encoded by n analytic 
differential equations of the second order, where n is the degree of freedoms. 

^^It is worth to emphasize that weak solutions can be considered equivalent to solutions having 
completely degenerated pieces, in fact their projections on the configuration space W are the 
same. However weak solution can exist also with trivial symbol = 0, instead solutions with 
completely degenerated pieces can exist only if dim gk > n. Furthermore, under this circumstance, 
namely under condition (38), a continuous weak solution, i.e., a weak solution having completely 
degenerate pieces, can be deformed into solutions with Thom-Boardman singular points. 

23This means that G [Af 2 ] G iff G G (See Refs.[41, 49] for 

notations.) 
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( 39 ) 


0 0 0 


0 


n— 




n —1,3,10 


0 


0 


K^k 

^n-l,s 


n—1 


n—l,s 


0 


0 




Ek 

n— 1,10 


n 


Ek 

n — 1,10 


0 


0 


and the canonical isomorphisms reported in (40). 


K 


Ek 


= K 


Ek 


l,w/(s,'i 

^Ek /REk' ^^Ek 

71—1/ n —1,3 n—1,, 


S O^fc / Ty^k O^fc 

^n-l,s/^n-l,s,io = ^n- 
^Ek /REk '^^Ek 
71—1/ n — 1,10 n—l,n 

I In particular, for k = c», one has the canonical isomorphisms reported in (41). 


(41) 


^Eoo ^ rE„^ 

n—1,10 n—1,3,10 

E^n-l,w/{s,w) — ^n-l,s — ^ 
ryEoo Ci^oo 

“n-1 — “n-1,3 


n—1/ n— 1,10 n — 1 , 3 / n—1, 3,10 n—l,ii 


• If Ek is formally integrahle then one has the isomorphisms reported in (42). 

(42) ^n-l — ^n-l — ^n-i_s. 

Proof. The proof follows directly from the definitions and standard results of alge¬ 
bra. (For more details see Refs. [39, 43],) □ 


Theorem 3.10. Let us assume that Ek is formally integrahle and completely inte- 
grable, and such that AunEk > 2n-|- 1. Then, one has the canonical isomorphisms 
reported in (43). 


(43) 


0 Hr{W- Z 2 ) fl, - ^nh/K^h.u, = 

r-\-s—71— 1 


where Llg denotes the s-dimensional un-oriented smooth bordism group. 

• Furthermore, if Ek C J!f{W), has non zero symbols: gk+s 0, s > 0, (this 
excludes that can be k = 00 ), then s w ~ hence g = w 

Proof. It follows from above theorem and results in [41]. Furthermore, if gk+s ^ 0, 
s > 0, we can always connect two branches of a weak solution with a singular 
solution of Ek. (For more details see [41].) □ 
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4. Maslov index in PDEs and Lagrangian bordism groups 

In order to consider “Maslov index” canonicallay associated to PDEs, we follow 
a strategy to recast Arnold-Kashiwara-Thomas algebraic approach, resumed in 
section 2, by substituting the Grassmannian of Lagrangian subsapces with the 
Grassmannian of n-dimensional integral planes, namely u-dimensional isotropic 
subspaces of the Gartan distribution of a PDE. These are tangent to solutions of 
PDEs. In this way we are able to generalize “Maslov index” for Lagrangian subman¬ 
ifolds as introduced by V. 1. Arnold, to any solution of PDEs. Really Lagrangian 
submanifolds of symplectic manifolds, can be encoded as solutions of suitable first 
order PDEs. 

As a by-product we get also a new proof for existence of the Navier-Stokes PDEs 
global smooth solutions, defined on all (Example 4.5.) 

In this section we shall calculate also Lagrangian bordism groups in a 2n-dimensional 
symplectic manifold {W,uj), where a; is a non-degenerate, close, differentiable 2- 
differential form on W. In [33] we have calculated the Lagrangian bordism groups 
in the case that ui is exact. This has been made by generalizing to higher order 
PDE, a previous approach given by V. 1. Arnold [4, 5], Y. Eliashberg [16] and A. 
Prastaro [32]. Now we give completely new formulas, without assuming any re¬ 
striction on uj, and following our Algebraic Topology of PDEs. (See References 
[32, 33, 36, 37, 38, 39, 33, 40, 41, 42, 43, 44, 45, 46, 47, 48, 49, 50, 51, 52, 53]. See 
also [1, 2, 29, 54].) 

In this section our main results are Theorem 4.3, Theorem 4.4, Theorem 4.5 and 
Theorem 4.6. The first is devoted to relation between Maslov indexes and Maslov 
cycles for solutions of PDEs. The second characteriizes such invariants for La¬ 
grangian submanifolds of symplectic manifolds, by means of suitable formally inte- 
grable and completely integrable first order PDEs. The other two theorems char¬ 
acterize Lagrangian bordism groups in such PDEs. 

Theorem 4.1 (Grassmannian of n-dimensional integral planes of J^{W)). Let 
Ik{W)q he t/ie Grassmannian of n-dimensional integral planes atqG J^{W), namely 
the set of isotropic n-dimensional subspaces of the Cartan distribution Efc(IT)g. 
One has the following properties. 

(i) One has the natural fiber bundle structure Ik{W) = Uqgjfc(iv) ^k{W)q J!f{W). 

(ii) In general an integral n-plane L S Ik{W)q, is projected, via (tt^^q)* onto an 
(n — 1)-dimensional subspace ofTaN, q = [A^]q. 

(iii) The set of of n-integral planes such that dim(7rfe_o)*(A) = n = dim(TaA^), 

(namely with 1 = 0), is identified with the affine fiber ^,(( 7 ) C These 

integral planes are called regular integral planes. 

(iv) In general an n-integral plane L S Ik{W)q, admits the following splitting 
(44) 

where Lo (horizontal component), is contained in some regular plane Lq, for some 
q G ^,(< 7 ) C Furthermore Ly, (vertical component), is contained in 

the vector space Tq'K0j,_^{q) = S’^{T*N) (g) with q = TTk,k-i{q) G 

(v) Two different splittings L = Ly and L = of a n-integral plane 

L C Efe(lT)q, q = [A^][[ G J^{W), are related by a fixed subspace V C S'^lT^N) (g) 
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More precisely one has: 

(45) = = 

• (Cohomology ring H*{Ik(W))). One has the following isomorphisms: 

^ ’ 1 =H'{W-Z2)<»z,H^{Fk{WfZ2) 

where Fk{W) is the fiber of IkiW) over J^{W). One has the following ring iso¬ 
morphism: 

H-{Fk{W)-l 2 )=M'^f\--- 

where deg(r(;(^^) = i. Such generators coincide with Stiefel-Whitney classes of the 
tautological bundle E(r]) —>■ Ik{W). 

Proof. Let us only explicitly consider that the first part of the formula (46) follows 
from a direct application of some results about spectral sequences an their relations 
with fibration [Leray-Hirsh theorem). For more details see Theorem 3 in [36]. □ 

Theorem 4.2 (Grassmannian of n-dimensional integral planes of PDF). Let 

I{Ek) = U I{Ek)q 

q&Ek 

be the Grassmannian of n-dimensional integral planes of Ej-. One has a natural 
fiber bundle structure I{Ek) —>■ Ek- Then each singular solution V G Ek identifies 
a mapping iy '■ V ^ I{Ek), given by iv(,<l) = TgV G I{Ek)q. Then one has an 
induced morphism 

(47) i*y : H\I{Ek) : Z 2 ) ^ H\V-,Z 2 ), w ^ 
iyU! is the characteristic class ofV corresponding to ui. 

• IfEj^ is a strong retract ofjj^{W) f/ien i7*(/(i5fe); Z 2 ) is an algebra over H*{Ei^; 112 ) 
More precisely one has 

H\I{Ek)-,l 2 )= 0 H-{Ek;Z 2 )<S)H%Ek-,Z 2 ), 

r+s=i Z 2 

where Fk is the fibre of I (Ek) over Ek- 

• Furthermore, the ring * (Ffc; Z 2 ) is isomorphic up to n to the ring Z 2 • • • , uj^'^ 

of polynomials in the generator degree(Wj(^^) = i. These generators can be 

identified with the Stief el-Whitney classes of the tautological bundle E(r]) —>■ I{Ek). 

• If Ek is a formally integrable PDE then 

( H'{I{Ek+i)-,I. 2 ) = H'{Ik+i{W)-l 2 ) 

(48) ^H^{W-Z2 ))®j^^H^{Fk+i{W)-Z2) 

{ -i7*(fT;Z2)){8)z,Z2[wf+'\--- ,u;i"+'^). 

• If V is a non-singular solution of Ek, then all its characteristic classes are zero 
in dimension > 1. 

Proof. After Theorem 4.1, let us only explicitly consider when Ek is a strong retract 
of This fact implies the homotopy equivalence Ek — J^{W). Then we 

can state also the homotopy equivalence between the corresponding integral planes 
fiber-bundles I{Ek) — Ik{W). In fact we use the following lemmas. 
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Lemma 4.1. If A C X is a strong retract, then the inclusion i : (A,xo) ^ (X, xo) 
is an homotopy equivalence and hence : 7r„(A, xq) —>■ 7r„(X, xo) is an isomorphism 
for all n > 0. 

Proof. This is a standard result. See e.g., [40]. (This lemma is the inverse of the 
Whitehead’s theorem.) □ 

Lemma 4.2. For a space B let IF{B) he the set of fiber homotopy equivalence 
classes of fibrations E ^ B. A map f : Bi ^ B 2 induces f* : X{Bi), 

depending only on the homotopy class of f. If f is a homotopy equivalence, then 
f* becomes a bijection: f* : IF{B 2 ) O J-{Bi). 

Proof. This is a standard result. See, e.g., [21]. □ 

From above two lemmas, we can state that also I{Ek) is a strong retract of Ik(W), 
therefore one has the following exact commutative diagram of homotopy equiva¬ 
lences: 

(49) 0- ^I{Ek) -^- hiW) 


0 -- Ek -=- JUiW) 

0 0 

This induces the following commutative diagram of isomorphic cohomologies: 
(50) 

H'{I{Ek)-,Z2)^= ^ H\Ik{W);Z2) 



H'{Ek-,Z2)®^^H' {Ek ; Z 2 ) " H'{J^{W)-Z2)®^^H'{Fk{Wy,'L2) 

Since 

H\Ek-,Z2) ^ H%j^{wy,Z2) ^ H'{W-Z2) 

and 

H%Ek-,Z 2 ) = H\Fk{Wy Z2) - Z 2 [ccf \ ■ •. ,cc«], 

we get 

• (/(i?fe); Z2) - • (IT; Z2) (g) Z2 [wf \ , 4 '=)]. 

Z2 

Therefore, H*{I{Ek)', Z2) is an algebra over il*(lT; Z 2 ) isomorphic to Z2[oJ^\ ■ ■ ■ 
Finally if Ek is formally integrable, then its r-prolongations {Ek)+r are strong 
retract of (W), for r > 1. Thus we can repeat above considerations by working 
on each {Ek)+r and obtain 

H-{I{{Ek)+ry Z2) = H-{W- Z2) (g) Z2[wf• • • ,ujiy+% 

Z2 

for r > 1. □ 
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Table 3. Comparison between metasymplectic structure of 
Jn{W) and symplectic structure of symplectic space {V,uj). 


(Efc(W),,n;t(A)) 


dim(Efc(l^)q) = "h W = n -\- m 

dim V = 2n 

P<-Ek{W)g 

E<]V 

= {C e (w)g 1 nfc(A)(f. 0 = 0, vj e p. va e <g> i/*} 

P-L ^ -['U £ V 1 u) — 0, Vlt £ P} 

P metasymplectic-isotropic iff P C P-^. 

P is symplectic-isotropic iff P C E-^. 

[dimP < P^] 

[dim P < n] 

P is metasymplectic-Lagrangian iff P = P-*-. 

P is symplectic-Lagrangian iff P = P-*-. 

[dimP = P^] 

[dim P = n] 

P is maximal metasymplectic-isotropic iff P ^ Q C Q"*”. 

P is symplectic-co-isotropic iff P D P-*-. 

[dimP = + n— p, 0<p<n] 

[dim P > n] 

[type(P) = n-p] 



A metasymplectic-isotropic space is metasymplectic-iiivolutive. 

A metasymplectic-Lagrangian space is metasymplectic-involutive. 

A symplectic-Lagrangian space is maximally symplectic-isotropic. 

A symplectic-isotropic (or symplectic-co-isotropic) space E with Him E = n, is symplectic-Lagrangian. 
A line (hyperplane) is symplectic-isotropic (symplectic-co-isotropic). 

A maximal metasymplectic-isotropic space of type n has dimension n. 

A maximal metasymplectic-isotropic space of type 0 has dimension = d[m[S^{T*N) (S’ I'a]- 


Remark 4.1. It is worth to emphasize the comparison between metasymplectic stru- 
cure on J^iW), and the symplectic structure in a symplectic vector space {V,uj). 
According to the definition given in the proof of Theorem 3.1, we can define meta¬ 
symplectic orthogonal of a subspace P <i'Eik{W)q, the set 


= {C e Efc(lT), I f2fe(A)(C,0 = 0, ve G p, VA G S>^-^{TaN) ® 

= nAeSfc-i(T„Ar)®i/* ker(r!fe(A)(C,P)). 

One has the following properties: 

(a) = P; 

(b) P,^f]P^^ = iP,+P^)^; 

{c) {PlnP2)^ = {Pl)^ + {P2)^■ 

Then one can define P metasymplectic-isotropic if P C P^. Furthermore, we 
say that P is metasymplectic-Lagrangian if P = P^. Maximal metasymplectic- 
isotropic spaces are metasymplectic-isotropic spaces that are not contained into 
larger ones. There any two vectors are an involutive couple. With respect to above 
remarks, in Tab. 3 we have made a comparison between definitions related to the 
metasymplectic structure and symplectic structure. Let us underline that the meta¬ 
symplectic structure considered, is not a trivial extension of the canonical symplec¬ 
tic structure that can be recognized on any vector space E, of dimension n. In 
fact, it is well known that V = E^E*, has the canonical symplectic structure 
a{{v,a), {v',a')) =< a,v' > — < a',v >, called the natural symplectic form on E. 
Instead the metasymplectic structure arises from differential of Cartan forms. 
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Definition 4.1 (Lagrangian submanifolds of symplectic manifold). Let {W,uj) he 
a symplectic manifold, that is W is a 2n-dimensional manifold with symplectic 2- 
form uj '.W ^ hf^{W), (hence oj is closed: dco = 0). We call Lagrangian manifold 
a n-dimensional submanifold V C W, such that ijj\v = 0.^^ 


Example 4.1. (Arnold 1967) A Lagrangian submanifold of the symplectic space 
(]R^”,w) is a n-dimensional submanifold V C such that for any p € V, TpV C 
is a Lagrangian subspace o/R^". This is equivalent to say that the 
symplectic 2-form a = X]i<r<s< 2 n ^^rsdff A with drs = oJrs, and {£,^)i<r< 2 n = 
annihilates on V: cr|y = 0. The tangent space TV, classified by 
the first classifying mapping f : V ^ BOin), is the pullback of the tautological 
bundle Efq) over w), or equivalently the pullback of E(r]) via the second 

classifying mapping C : E —> w), ({p) = TpV = R^". Ln fact one has the 

exact commutative diagram (52). 


(52) 


TM ^ f*E{p) ^ CE{r,) 


■Eir,). 


:E{r)) 


V 

0 



Lagr(R^”,w) — ^BO(n) 



0 0 


• The Maslov index class of V is defined by t{V) = C*(Q!) £ H^{V]'L), where 
a € i7^(Lagr(R^”, w); Z) =Z is the generator. 

• The Maslov cycle of V is defined by 

T,{V) = {pGV \ dim(ker(T(7r)|Tpy)) > 0} 

where tt : R^" ^ R"0iR" ^ R”". Therefore E(E) ^ TpEn*” 7^ {0}. The 
homology class [E(E)] S iJ„_i(E;Z) is the Poincare dual of the Maslov index class 
t{V) G H\V;Z): 

[E(E)] = Dt{V). 

Therefore, one can state that t{V) measures the failure of the morphism 7r|y : V —7 
R" to be a local diffeomorphism. 

Example 4.2. C” is a symplectic manifold. Any n-dimensional subspace is a 
Lagrangian submanifold. 

Example 4.3. Any 1-dimensional submanifold of a 2-dimensional symplectic man¬ 
ifold is Lagrangian.^^ 

Example 4.4. The cotangent space T*M of a n-dimensional manifold M is a 
symplectic manifold, and each fiber T*M of the fiber bubdle tt : T*M —>■ M, is a 
Lagrangian submanifold. 


^^The tangent space TpW, Vp € W, identifies a symplectic space via the 2-form uj{p) G 
K^{TfW). Therefore a n-dimensional sub-manifold V of a 2n-symplectic manifold W is La¬ 
grangian iff TpV is a Lagrangian subspace of TpW, Vp G V. 

^®For example any curve in is a Lagrangian submanifold. 
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• Let V C T*M he a Lagrangian submanifold of T*M. Let us consider the fiber 
bundle 

(53) Lagr{T*M)= IJ Lagr{T*M)g 

qeT’-M 

where Lagr{T*M)q is the set of Lagrangian subspaces of Tq(T*M). One has a 
canonical mapping 

f-.V ^ L,gr{T*M),q^TqV. 

Then if a G = X is the generator, we get f*a € H^{V]'E) is the 

Maslov index class of V. The Maslov cycle of V is defined the set 

S(F) = {qeV\ dim(ker(r(7r)|T,v > 0, tt : T*M M}. 

Therefore T,(y) = {q € V \TqV r\vTq(T*M) {0}. Eere vTq{T*M) denotes the 
vertical tangent space at q G T*M, with respect to the projection n : T* M ^ M. 
The homology class [S(V^)] G Hn-i{V;h) is the Poincare dual of the Maslov index 
class t{V) G H^{V;Z). [S(F)] = Dt{V). Therefore t{V) measures the failure of 
the mapping 7r|y : > M to be a local diffeomorphism. 

Definition 4.2 (Maslov cycles of PDE solution). We call i-Maslov cycle, 1 < f < 
n — 1, of a solution V C Ek C the set 'EfiV) of singular points q gV , such 

that dim(ker((7rfc,o)*)|T,y))) = n-i. 

Definition 4.3 (Maslov index classes of PDE solntion). We call i-Maslov index 
class, l<f<n — 1, of a solution V C Ek C 

n{V) = {ivYu^f'^ gH\v-Z 2 ), 

where is the i-th generators of the ring = H*{Fk, 1 ‘ 2 ) and 

iy : P —>■ I[Ek) is the canonical mapping, iy '■ q^ TqV. 

Theorem 4.3 (Maslov indexes and Maslov cycles relations for solution of PDE). 

• Let Ek C J^(W) be a strong retract of J^{W), then the homology class [Ei(P)] G 
Hn-i{V-,Ij), \ < i < n — 1, is the Poincare dual of the Maslov index class TilV) G 
H'^(V;7j). Formula (54) holds. 

(54) [E,(P)]=Dr,(P), l<f<n-l. 

Therefore, {Ti(P)}i<i<„_i, measure the failure of the mapping iTkp - V to be 

a local embedding. 

• Let Ek C J!f{W) be a formally integrable PDE. Then one can charcaterize each 
solution V on the first prolongations {Ek)+i C J^~'~^(W), by means of i-Maslov 
indexes and i-Maslov cycles, as made in above point. 

Proof. Let us consider Ek a strong retract of J^(W). Then we can apply Theorem 
4.2 In particular we get the following isomorphisms: 

r H'iEk) =HYJ^iW)) 

(55) ^ HYW) 

[ H'{I{Ek)) ^HYhiW))- 
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Let US more explicitly calculate these cohomologies. Start with the case i = 1. One 
has the following isomorphisms: 

(56) 

< = iL^(£'fe;Z2) 0Z2 ^2 0^2 <8)Z2 

[ ^H\Ek;Z2)®Z2[u;[% 

Therefore one has the following exact commutative diagram: 


(57) 


■Z2K 


(fc)i 




H^{I{Ek);Z2) 

(ivy 


H\V-Z2) 


H\Ek-,Z2) - ^0 


0 

Then the mapping iy : V ^ I{Ek), induces the following morphism 
(yv)* = i7^(F;Z2). 

Set Pi{V) = (iv)*(wi*^^). Here we suppose that V is compact, (otherwise we shall 
consider cohomology with compact support). Now we get 

(58) /?i(H)nm = Pi(H)]. 

In (61) [V] denotes the fundamental class of V that there exists also whether V is 
non-orientable. (For details see, e.g. [40].) 

We can pass to any degree, l,by considering the following isomorphisms: 

r H\I{E^,)-Z2) =H\Ek-,Z2) 

(59) ®i<j,<,.iH^-nEk-,Z2)®zHP{Ek-,Z2) 

{ 0Z2[6;W,.-. 

One has the following exact commutative diagram: 


(60) 0-^Z2[4'‘\-" ^ H\l(Ek)-,l2) 



Hyv-,Z2) 




0 

Then the map iy : V ^ I{Ek) induces the following morphism: 

(iy)* : Z 2 [oj[^\ ■ ■ ■ , -t i7*(F;Z2), 1 < i < n - 1. 
Set /3i(F) = (zy)*(a;-^^). We get 
(61) /3.{V)f][V] = [i:,{V)]. 
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For the case where Ek is formally integrable, we can repeat the above proceeding 

applied to the first prolongation {Ek)+i of Ek, that is a strong retract of 

In this way we complete the proof. □ 

Example 4.5 (Navier-Stokes PDEs and global space-time smooth solutions). The 
non-isothermal Navier-Stokes equation can he encoded in a geometric way as a 
second-order PDE {NS) C where n : W = JD{M) Xm TqM Xm T^M = 

M X I X M is an ajfine bundle over the A-dimensional affine Galilean 

space-time M. There I C M represents a 3-dimensional affine subspace of the 
A-dimensional vector space M of free vectors of M. A section s : M ^ W is a 
triplet s = {v,p, 6) representing the velocity field v, the isotropic pressure p, and the 
temperature 9. In [39] it is reported the explicit expression of {NS), formulated just 
in this geometric way. Then one can see there that {NS) is not formally integrable, 
hut one can canonically recognize a sub-equation {NS) C {NS) C J‘f{W), that is 
so and also completely integrable. Furthermore, {NS) is a strong deformed retract 
of Jf{W), over a strong deformed retract {C) of Jl{W). In other words one has 
the following commutative diagram of homotopy equivalences: 

(62) {NS) -^- Jl{W) 


{C) -^- Jl{W) 


0 


0 


Since Jf{W) and J\{W) are affine spaces, they are topologically contractible to a 
point, hence from (62) we are able to calculate the cohomology properties of {NS), 
as reported in (63). 


r H°{{Nsy,z2) = z2 

\ H'^{{NS);Z2) =0, r > 0. 


We get the cohomologies of I {NS), as reported in (64). 


(64) 


f H-{I{NSy,Z2) =0 ^,^^iJP((iV5);Z2)®z,i/9(F2;Z2) 

I =H<^{{NSyZ2)(E>2,H^{E2-,Z2) 

I = Z 2 <8IZ2 ^2 , • • • 


Therefore (65) are the conditions that V C {NS) C {NS) must satisfy in order to 
be without singular points. 

(65) 0 = ^ G nyv- Z 2 ), l<i<A. 


In particular, if 

V = B^s{M) c {N^ C {NS) C JD‘^{W) C J|(VF) 

where s : M ^ W is a smooth global section, since H'‘{V;Z 2 ) = 0, Vi > 0, we 
get that all its characeristic classes iyOjf’'^ are zero. Therefore, V cannot have 
singular points on V, namely it is a global smooth solution on all the space-time. 
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Existence of such global solutions, certainly exist for (NS). In fact, a constant 
section s \ M ^ W, is surely a solution for (NS), localized on a equipotential space 
region. In fact such solution satisfies {NS) iff equations (66) are satisfied. 

= 0 

( 66 ) v^{dx^.G^^^) = 0 

v^Rl + p{dxi.f)g^^ = 0 
. v’^yPWkp = 0. 

We have adopted the same symbols used in [39]. Then by using global cartesian 
coordinates (this is possible for the affine structure of J^fW)), we get that g^^ = 

Ri = 0 and Wkp = 0. Therefore equations (66) reduce to p{dxk-f) = 0. This 
means that such constant solutions exist iff they are localized in a equipotential 
space-region. 

Such constant global smooth solutions, even if very simple, can be used to build 
more complex ones, by using the linearized Navier-Stokes equation at such solutions. 
Let us denote by (iVS')[s] C JD'^{s*vTW) such a linearized PDE at the constant 
solution s. Symilarly to the nonlinear case, we can associate to (A^5')[s] a linear sub- 

PDE (iVS')[s] C (iVS')[s] that is formally integrable and completely integrable. Then 
in a space-time neighbourhood of a point q G (A^S')[s] we can build a smooth solution, 

say n : M ^ s*vTW. Since solutions o/(iV5')[s] locally transform solutions of {NS) 
into other solutions of this last equation, we get that the original constant solution 
s can be transformed by means of the perturbation v into another global solution 
s' '. M ^ W; the perturbation being only localized into a local space-time region. In 
this way we are able to obtain global space-time smooth solutions V C {NS). (See 
Fig. 1.) Since V and V are both diffeomorphic to M, via the canonical projection 
7r2 : Jf{W) —>■ M, their characteristic classes are all zero: = 0, 

i G {1,2,3,4}. Really H^{V'-,Z 2 ) = 0 = i?®(F';Z 2 ), Vi > 0. In the words of 
Theorem j.3 we can say that in these global solutions V one has. 


(67) E,(l/)if =0, Vi G {1,2,3} 

for any compact domain K C V. In (67) Tii{V)K denotes the i-Maslov cycle of 
V inside the compact domain K C V. (For more details on the existence of such 
smooth solutions, built by means of perturbations of constant ones, see Appendix 

A.ff^ 


26it is clear that whether we work with the constant solution with zero flow, we get a non¬ 
constant global solutions V' necessarily satisfying the following Clay-Navier-Stokes conditions: 

1. v{x,t) e [C°°(K3 X [0,oo))]® , p{x,t) G C°°(K3 X [0,oo)) 

2. There exists a constant E G (0, oo) such that \'v{x,t)\^dx < E. 

For more details on the Navier-Stokes Clay-problem see the following reference: [17]. Therefore 
this is another way to prove existence of global smooth solutions when one aims to obtain solutions 
defined on all the space Really by varying the localized perturbation one can obtain different 
initial conditions, and as a by-product global smooth solutions. Such global solutions do not 
necessitate to be stable at short times, since the symbol of the Navier-Stokes equation is not zero. 
However by working on the infinity proiongation C J'^iW) aii smooth solutions can be 

stabilized at finite times, since for one has {g 2 )+oo = 0. Their average-stability can be 

studied with the geometric methods given by A. Prastaro, also for global solutions defined on all 
the space, assuming perturbations with compact support. (See Refs. [43, 45, 46, 47, 48, 49].) 
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Fig. 1. Global space-time smooth solution representation V C 
{NS), obtained by means of a localized, space-time smooth per¬ 
turbation of a constant global smooth solution V C {NS). The 
perturbation, localized in the compact space-time region D C V oi 
the smooth global constant solution V, is a smooth solution of the 

linearized equation (A^S')[s]. The vertical arrow denotes the local 
perturbation of the solution V, generating the non-constant global 
smooth solution V C J|(1T). 


Theorem 4.4 (Maslov index for Lagrangian manifolds). For n-Lagrangian sub¬ 
manifolds of a 2n-dimensional symplectic manifold {W,uj), we recognize i-Maslov 
indexes ldi{V) and i-Maslov cycles 1 < i < n — 1. For i = 1, we recover the 

Maslov index defined by Arnold. 

Proof. After recognized Maslov index for solutions of PDFs (Theorem 4.3), the 
first step to follow is to show that Lagrangian submanifolds of W are encoded by 
a suitable PDE. Let {x'^,y^}i<a,j<n be local coordinates in a neighborhood of a 
point a G W. In this way a n-dimensional submanifold N C W, passing for a, 
can be endowed with local coordinates {a;“}i<a<„. Let us represent ui in such a 
coordinate system: 

(68) uj = uJagdx°‘ A dx^ 4- ^ u]ajdx°‘ A dy^ -t- ^ uJijdy^ A dyF 

l<a</3<n 


Then the restriction of a; on a n-diinensional submanifold N C W, with local 
coordinate {a:“}, gives the formula (69). 

(69) 

^\n= {djajyp-i^i3jyi)+ ‘^ijiyayi3-y}iyL)¥x°'^dx^- 

l<Q:</3<n 


Therefore, by imposing that must be wjjv = 0, we see that we can encode n- 
dimensional Lagrangian submanifolds N CW by means of solutions, of the PDE 
£i reported in (70). 


r UJrs{x) +J2l<j<ni‘^rj{x)yi -UJsj{x)y^.) 1 

I + Y.i<i<j<n(.yiyi - yhi)<^ij{x) = o J 


(70) £i C J^{W) : 


l<r<s<n 
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There ujrs and Wy are non-degenerate skew-symmetric n x n matrices and Curs is 
a n X n matrix, all being analytic functions of One can prove that Ei 

is a formally integrable and completely integrable PDE. In fact one can see that 
TTr-l^r ■ (^'l)+r “(£’l) + (r-l) are Sub-bundleS of TTr+l,r '■ 

Vr > 1. Really, for r = 1 we get 


[ dim(A)+i =n + ni±2)^_!l(!^_!l!(^ 

J dim(£i) =n + n{n -|- 1) - 
^ ^ dim(50Ai = ^-^ 

[ dim(£i)+i = dim(£i) -|- dim(gi)+i. 

This is enough to state that the short sequence 

(72) (£i)+, —- 0 

is exact for r = 1. Since this process can be iterated for any r > 1, we can state that 
one can arrive to a certain prolongation where the symbol is involutive. hence the 
PDE Cl is formally integrable. Since it is analytic it is also completely integrable. 
Then we can apply Theorem 4.3 to Ci C J^{W), to state that there exists Maslov 
cycles and Maslov indexes for any solution V C (£i)+i, on the first prolongation 
of Cl- One has the following commutative diagram where all the vertical line are 
surjectives. 


(73) 


{Ci)+i^ - 



W 



772,0 


0 


0 


(£i)+i is a strong retract of J^(IE), hence one has the homotopy equivalence: 

(£i)+i J^(W), 

that induces isomorphisms on the corresponding cohomology spaces. Therefore, we 
can recognize f-Maslov index classes and i-Maslov cycle classes on each solution 

y c (a)ai. 

As a by-product we can apply these results to the symplectic space (R^",w), to 
recover the same results given by V.I Arnold. (See Example 4.1.) This justifies our 
Definition 4.2 and Definition 4.3 that can be recognized suitable generalizations, in 
PDE geometry, of analogous definitions given by V. I. Arnold. □ 


27Let US emphasize that the coefficients uJrs, <^ij and uJrs, are related by some first order 
constraints coming from the condition that dto = 0. However, for the formal integrability of 
equation (70) these constraints can be ruled-out. 
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Theorem 4.5 (G-singular Lagrangian bordism groups). Let W be a symplectic 
2n-dimesional manifold. Let G be an abelian group. Then the G-singular bordism 
group of (n — 1)-dimensional compact submanifolds of W, hording by means of 
n-dimensional Lagrangian submanifolds of W, is given in (74). 

(74) 

• = 0 one has: Bor,{Ci]G) = Cyc,{Ci;G). 

• If Gyc»(Ci]G) is a free G-module,one has the isomorphism: 

Bor,{C,;G) - 0 Cyc,{C,;G). 

Proof. It is enough to applying Theorem 3.7 and Theorem 4.4 to get formula (74). 

□ 


Theorem 4.6 (Closed weak Lagrangian bordism groups). Let W be a symplectic 
2n-dimesional manifold. Let G be an abelian group. Then the weak (n — l)-bordism 
group of closed compact {n — 1)-dimensional submanifolds of W, hording by means 
of n-dimensional Lagrangian submanifolds of W, is given in (75). 


(75) 


Vt 


Cl 

n—l,w 


r-\-s—n—l 


Furthermore, since £-i C J^(W), has non zero symbols: gi+s ^ 0, s > 0, then 

T^Ci _ Q hpnre ^ 


Proof. From the proof of Theorem 4.5 and by using Theorem 3.10 we get directly 
the proof. □ 


Warning. Lagrangian bordism considered in this paper, namely Theorem 4.5 and 
Theorem 4.6, adopts a point of view that is directly related to one where compact 
(closed) manifolds hording by means of Lagrangian manifolds must be Lagrangian 
manifolds too. This is, for example the Lagrangian bordism considered in [11]. 
Really these authors work on a manifold IT = x M, where M is a (compact) 
2m-dimensional symplectic manifold and is endowed with the canonical 

symplectic form a;K 2 = dxAdy. Thus IT is a 2(m+ l)-dimensional symplectic man¬ 
ifold with symplectic form w = w © a;R 2 . Therefore, one has a natural trivial fiber 
bundle structure tt : IT —>■ with hber the symplectic manifold M. Then one con¬ 

siders bordisms of (closed) compact Lagrangian m-dimensional submanifolds of M, 
hording by means of (m + l)-dimensional Lagrangian submanifolds of W. In such 
a situation, with respect to the framework considered in Theorem 4.5 and Theorem 
4.6 one should specify that n = m + 1, and that the n — 1 = m compact manifolds 
hording with (n = to + 1)-Lagrangian submanifolds of IT must be Lagrangian sub¬ 
manifolds of M. In other words the Lagrangian bordism groups considered in [11] 
are relative Lagrangian bordism groups, with respect to the submanifold M C IT, 
in our formulation. However, since (to + 1 (-dimensional Lagrangian submanifolds 
V of IT, must necessarily be transverse to the fibers of tt : IT —> except in the 

singular points, it follows that the compact (closed) TO-dimensional manifolds 
and N 2 that they bord, namely dV = Ni U N 2 , must necessarily be submanifolds 
of M: Ni, N 2 C M. Furthermore, by considering that u]\v = 0, it follows that 
QIni = wIatj = 0, hence and N 2 must necessarily be Lagrangian submanifolds 
of (M, cD), as considerd in [11]. Therefore, our point of view is more general than 
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one adopted in [11] and recovers this last one when the structure of the symplectic 
manifold {W^uj) is of the type (M x 0 a;R 2 ). 


Appendices 

Appendix A: On global smooth solntions of the Navier-Stokes PDEs 

In this appendix we shall explicitly prove a theorem that one has implicitly used in 
Example 4.5. 

Theorem Al. Any constant smooth solution s of the Navier-Stokes equation (NS) C 
J'D'^fW) C Jf{W), admits perturbations that identify smooth non-constant solu¬ 
tions of (NS) C JV^{W) C JiiW). 

Proof. We shall use a surgery technique in order to prove this theorem. Let us 
divide the proof in some lemmas. 

Lemma Al. Given a smooth constant solution s of (NS) C JP^fW) we can iden¬ 
tify a smooth solution with boundary diffeomorphic to and a compaet smooth 
solution with boundary diffeomorphic to again, such that their canonical projec¬ 
tions on M identify an annular domain in M. 

Proof. Let us consider a compact domain D G M identified with a 4-dimensional 
disk D'^. Set dD'^ = S^. By fixing a constant solution s of (NS) C JV'^fW), let us 
denote by N the image into {NS) of S^ by means of D : N = D'^s{S^) C {NS) C 
Ji{W). Set V = D‘^s{M)g and set 

(A.l) E = (E \ IJ jv ^ 

Then E is a smooth solution of {NS) with boundary dV = N = S^. 

Let po G be the center of the disk. Since {NS) C JT>^{W) is completely 
integrable, we can build a smooth (analytic) solution sq in a neighborhood Uo C D'^ 
of Po, such that V = D‘^so{U) C {NS). We can assume that sq does not coincide 
with s. (Otherwise we could take a different constant value from s.) Let us consider 
in Uo a disk Dq centered on po- Set 

(A.2) No = D'^so{dD^) cV C {n^. 

Let us consider 

(A.3) E = (F\i^2go(i^o"))U^oC^- 

Then E is a smooth solution of {NS) with boundary dV = Nq = S^. Of course the 
projections of N and Nq on M via the canonical projection tt 2 : JV^iW) —>■ M, 
identify an annular domain in M. □ 

Lemma A2. The solutions V and V considered in Lemma 1 identify a connected 
smooth solution of {NS) C Jf{W). 

Proof. Since both solutions V and V are smooth solutions we can consider their oo- 
prolongations and look to them inside {NS)^^. Now their boundary are both dif- 

OO - 

feomorphic to S"^, therefore must exist a smooth solution V C {NS)_^_^ C J 4 °{W) 
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such that dV = iV+oo U(-^o)+oo- In fact, from the commutative diagram 39 and 
Theorem 3.10 we get the exact commutative diagram (A.4). 


(A.4) 



0 


0 



0 


where distinguishes between non-diffeomorphic closed 3-dimensional 

integral smooth submanifolds of (NS). In fact = 03 = 0.^® Since the Cartan 

———-- 00 

distribution Etxj C T{NS)_^_^ is 4-dimensional, it follows that V smoothly solders 

00 — ~ 

with the solutions V, V and V. In this way 

(A.5) X = V+^ \J V U E +00 

N+ao (Afo) + oo 

is a smooth solution of hence of {NS). □ 


00 

To conclude the proof let us assume that V can be realized by means of a section 

00 

Soo of TT : IT —>■ M, namely V = D°°{soc){N), where A is the annular domain above 
considered. Thus we can say that the solution X = D°°s{M) for some smooth 
global section s of tt : IT —> M. Then taking into account of the affine structure of 
IT we can state that s = s + v, where iz is a smooth perturbation of s on the disk 
such that v\s3 =0 and 


(A. 6 ) lim i/(p) = 0, z /|[;£,4 = 0. 

p—>S^ (from inside) 

In other words the perturbation is of the type pictured in Fig. 1. 

So we have proved the following lemma. 

Lemma A3. When perturbations of {NS) are realized by means of smooth solutions 
of the corresponding linearized Navier-Stokes PDE, (A5')[s] C JT>‘^{s'*^vTW), the 

^^This is related to the fact that the Navier-Stokes equation is an extended 0-crystal PDE. 
(See [45, 46, 47, 48, 49, 51, 53].) In Tab. 4 are reported some un-oriented smooth bordism groups 

0 < n < 3, useful to calculate according to Theorem 3.10. 
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Table 4. Un-oriented smooth bordism groups 0 < n < 3. 


n 


0 

Z 2 

1 

0 

2 

Z 2 

3 

0 


completely integrable part o/(iV5')[s], then the identified solutions of {NS) C J|(TT) 
are also smooth solutions of {NS) C J'D^{W) C Jf{W), namely they are identified 
with smooth sections ofiT'.W —>■ M. 

OO 

Whether, instead, 1 / is a smooth solution that cannot be globally represented by 

OO 

means of a section of tt : W —?► M, then it means that there are in V, and hence in 
its projection into W, some pieces that climb on the fibers of tt : W M. In such 
a case we can continue to state that X is obtained by a perturbation of V inside 
the compact domain D, but the perturbation is a singular solution of the linearized 
Navier-Stokes PDE at the constant section s. Therefore in such a case it should 
not be possible represent X as a smooth section of tt : IT —)• M. This shows the 
necessity to realize the perturbation of s by means of a smooth solution v of the 

linearized equation (A^5')[s] C JV'^{s*vTW), such that v\g3 = 0 and = 0, 

in order the perturbed solution X should be identified with a global non-constant 
section of tt : IT —>■ M. _ 

On the other hand since I+oo and V+oo are both regular solutions with respect to 
the canonical projection tToo : JV°°{W) M, and {NS) C JV‘^{W) is an affine 
fiber bundle over its projection at the first order, with non-zero symbol, it follows 
that we can deform any eventual piece climbing on the fibers in such a way to 
obtain a regular solution with respect to the projection tt : IT —?> M. Therefore, 
the projection Y C {NS) of V into {NS), can be eventually deformed into a 
regular solution, Y, with respect to the projection 7 r 2 . (See Fig. 2.) In this way 
the projection of Y into IT, smoothly relates regular smooth submanifolds that 
project on two domains of M that are outside the annular domain A, but that 
are disconnected each other. Thus Y identifies a smooth 4-dimensional manifold 
transverse to the fibers of tt : IT —)► M. By conclusion T+°° is necessarily a regular 
solution of {NS)j^^ C JT>°°{W). Therefore it can be obtained by a perturbation of 

the constant solution s, by means of a smooth solution of (A^5')[s] C JTY‘{s*vTW). 
(See Fig. 1.) □ 

Appendix B: On the Legendrian bordism 

Similarly to the way we considered Lagrangian bordism in this paper, we can also 
formulate Legendrian bordism. Let us in this appendix recall some basic defini¬ 
tions and sketch only some steps on. Really on a (2n -|- 1 (-dimensional manifold 
IT, endowed with a contact structure, namely a 1-differential form %, such that 
x{p) A dx{p)^ 7 ^ 0, Vp S IT, there exists a characteristic vector field w : IT —>■ TIT, 
i.e., the generator of the 1 -dimensional annihilator of dx- wjdx = 0 and v\x = 1 - 
Furthermore on IT there exists also a contact distribution, namely a 2n-dimensional 
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Fig. 2. Deformation of a smooth solution (y) of (NS) C J^{W)^ 
climbing along the fibers of : {NS) —>■ M, into a smooth so¬ 
lution (Y) of {NS) C J'D‘^{W) C Jl(W). This is possible since 
the Navier-Stokes PDF is an affine fiber bundle over {C), and its 
symbol is not zero: dim( 52)9 = 46, Vg S {NS), dim(^)q = 42, 

Vg G {NS). In the picture Z = 7r2,o(I^) C W. 

distribution B = UpevF = ker(x(p)) C TpW. One has the following prop¬ 

erties. 

Proposition Bl. The following propositions hold. 

(bi) dx{p)\'Bj,, Vp G W, is nondegenerate, i.e., if dx{C,f) = 0, G Bp, and 
G Bp, then C = 0. 

(bii) riF = B0<z;>. 

(biii) (Darboux’s theorem) B —>■ IF is a symplectic vector bundle with symplectic 
form dx\B- 

(biv) With respect to local coordinates {x°^,ya, z} on W, x assumes the following 
form:^^ 

(B.l) x = dz-yadx°‘. 

Proposition B2. Integral manifold of a contact structure (W,x), is a submanifold 
N C IF, such that xIat = 0, (or equivalently TpN C Bp, \/p G N). One has 

(B.2) dimiV < i(2n+1). 

• Legendrian submanifolds of (IF, x) are integral submanifolds N of maximal di¬ 
mension: dimiV = n. 

Definition Bl. A Legendrian bundle tt : IF —>■ M, is a fiber bundle with dim IF = 
2n + 1, dimM = n + 1, and endowed with a contact structure (IF,x)? such that 
each fiber Wp is a Legendrian submanifold, namely xlvty, = 0, Vp G M. 

• If L C W is a Legendrian submanifold of W, (x\L = 0, dimL = n), its front is 
tt{L) = X G M. Singularities o/ttIa : L ^ M are called Legendrian singularities. 
The front X of a Legendrian submanifold is a n-dimensional submanifold of M, 
with eventual singularities. 


^®A11 contact strcture forms on W are locally diffeomorphic. 
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Similarly to the Lagrangian submanifolds of symplectic manifolds, we can charac¬ 
terize Legendrian submanifolds of a contact manifold by means of suitable PDEs. 
In fact we have the following. 

Theorem Bl. Given a contact structure on a (2n + 1)-dimensional manifold 
(W,x), its Legendrian submanifolds are solutions of a first order, involutive, for¬ 
mally integrable and completely integrable PDE. 

i-Maslov indexes and i-Maslov cycles, 1 < i < n — can be recognized for such 
solutions. 

Proof. Let {a;“, ya, z}i<a<n be local coordinates on W. Then Legendrian subman¬ 
ifolds of W are the n-dimensional submanifolds of W that satisfy the PDE reported 
in (B.3). 


(B.3) CegCJ^{W):{zp-yp = 0} 

where {x°‘,ya, z,ya/ 3 , z/ 3 }i<a,/ 3 <n are local coordinates on jf{W). The first prolon¬ 
gation of Ceg is given in (B.4).^° 

(B.4) £65+1 C J2(IE) : I 

\ z/3j - 5/3+ - U 

Then one can see that 

[dim(£e 5 +i) = -|- 2 n -|- 2 )] = [dim(£e 5 ) = {n-\- 1 )^] 

+ [dim(( 5 i)+i) = 

Therefore, one has the surjectivity £ 65+1 —>■ Ceg. Furthermore, one can see that 
the symbol 51 is involntive. In fact one has 

[dim((( 5 i)+i)) = ILin±l) = [dim( 5 i) = n^] + [dim( 5 j^^) = - n)] 

-|-[dim( 5 p^) = — 2n)] 

-\ --|- [dim( 5 ^”~^^) = — n{n — I)] 

_ n^(n+l) 

~ 2 ■ 

We have used the formula l-|-2-|-3-|-----|-(n—1) = . This is enough to state 

that Ceg is formally integrable and being analytic it is also completely integrable. 
Let us also remark that Ceg is a strong retract of Jf{W), thereore one has the 
homotopic equivalence Jf{W) ~ Ceg that induces isomorphisms between the cor¬ 
responding cohomology groups. Then by using Theorem 4.3 we can state that 
on each solution of Ceg we are able to recognize i-Maslov indexes and i-Maslov 
cycles. □ 

Definition B2. Let W be a {2n -\- 1)-dimensional contact manifold (W,x)- ^ 
Legendrian bordism is a n-dimensional Legendrian submanifold hording compact 
[n — 1)-dimensional integral submanifolds of W. 




^*^Let us note that the equations of second order in (B.4) are not all linearly independent. In 
fact, by considering that must be = 2 -,,^, we get, by difference of the equations zp.y ~yp-i = 0 
and — y.yp = 0: —yp-, -t y~fP = 0, namely it must hold the symmetry under the exchange of 
indexes in in y-fp. Therefore the number of independent equations for Ceg+i is (n -|- 
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Example Bl. Let M be a n-dimensional manifold. The derivative space 

JV{M,R) ^ T*M X R 

has a canonical contact form x = dy — yadx°‘, where x°‘ are loeal coordinates on M 
and y is a coordinate on M. This is just the Cartan form on the derivative space 
J'D{E), E = M X M., with respect to the fibration tt : E ^ M. The correspond¬ 
ing contact distribution coincides with the Cartan distribution Ei(E) C TJT>{E). 
Every solution is a Legendrian submanifold. Therefore in such a case Legendrian 
bordism are identified with solutions hording (n — 1)-dimensional integral submani¬ 
folds. 

Remark Bl. From above results we can directly reproduce results similar to The¬ 
orem 4.5 and Theorem 4-6 also for singular Legendrian bordism groups. More 
precisely one has the exact commutative diagram reported in (B.7, where the top 
horizontal line is an homotopy equivalence. 

(B.7) Ceg - ^-4 (IE) 


w w 


0 0 

We get the following isomorphisms: 

( H\L{Ceg)-'L2) ^ 

I H\L{Ceg)-Z2) ^ 

I 

Then the map iy '.V ^ I {Ceg) induces the following morphism 

(B.9) {tv), : Z 2 [uj[^\ ■ ■ ■ ^ H\V;Z 2 ), l<i<n-l. 

Set j3i{V) = (*y)»(w|^^) that is the i-Maslov index of the Legendrian manifold V. 
We get /3i{V) HI^] = [^i(^)] Idat relates the i-Maslov index ofV with its i-Maslov 
cycle. 

Theorem B2 (G-singular Legendrian bordism groups). Let W be a contact (2n + 
l)-dimesional manifold. Let G be an abelian group. Then the G-singular bordism 
group of {n — 1)-dimensional compact submanifolds of W, hording by means of 
n-dimensional Legendrian submanifolds ofW, is given in (B.IO). 

(B.IO) ^L!fj^R.(£eg;G). 

=0 one has: Bor,{Ceg;G) = Gyc,{Ceg]G). 

• If Gyc,{Ceg]G) is a free G-module,one has the isomorphism: 

Bor,{Ceg- G) = ^Q{Ceg),^s ^ Cyc,{Ceg] G). 









38 


Theorem B3 (Closed weak Legendrian bordism groups). Let W be a contact 
(2n + l)-dimesional manifold. Let G he an abelian group. Then the weak {n — 1)- 
bordism group of closed compact (n — \)-dimensional submanifolds of W, hording 
by means of n-dimensional Legendrian submanifolds ofW, is given in (B.ll). 


(B.ll) - 0 Hr{W-, Z 2 ) 






r-\-s—n—l 


Furthermore, since Leg C Jf,{W) has non zero symbols then s m = 0; hence 

^Ceg ^ ^Ceg 
n—l,s n—l,w 
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